The structural stability, thermodynamic, elastic, and electronic properties of cerium (Ce)-lanthanum (La) alloys were investigated for different Ce/La ratios under pressure by first-principles calculations using on-the-fly (OTF) pseudopotential and general gradient approximation (GGA). The ground-state properties of lanthanum and cerium obtained by minimizing the total energy agree favourably with other work. We derived the elastic constants, bulk modulus, and shear modulus of the La-Ce alloys for different Ce/La ratios. Using the quasi-harmonic Debye model, the thermodynamic properties of the La-Ce alloys including the thermal expansion coefficient α and heat capacity C v are successfully obtained in the temperature range from 0 K to 1000 K. Furthermore, the electronic properties such as density of states and charge densities were also studied.
Introduction
Lanthanide metals are well known for their special physical and chemical properties. As the first and second elements of the lanthanides, lanthanum (La) and cerium (Ce) often attract considerable attention. Four structures exist for lanthanum, i.e. body-centered cubic (BCC), face-centered cubic (FCC), hexagonal closepacked (HCP), and double hexagonal close-packed (DHCP) [1] , but only FCC and DHCP structures are stable and show superconductivity with the transition temperatures at 6 K and 5 K, respectively [2] . Cerium has f electrons and is one of the few pure elements showing Kondo scattering and isostructural phase transition [3, 4] . It is comparatively easy to obtain Ce-La alloys by melting lanthanum and cerium.
Since the Kondo effect was discovered [5] , the study of Kondo systems has attracted great interests. The Ce-La alloy, a perfect Kondo system, has properties, such as the Kondo effect, superconductivity, crystalfield effect, and magnetic susceptibility [6 -13] . However, few reports exist on its elastic and thermodynamic properties, which are basic physical qualities. Culbert and Edelstein [14] studied the specific heat and entropy of the Ca-Le alloy for cerium concentrations lower than 0.2. They declared that the contribution of magnetism to the specific heat of the Ce-La alloy showed a broad anomaly at 1.2 K, and the specific heat was weakly dependent on the cerium concentration. When the applied temperature is very high, the magnetic interaction is much weaker than the thermal interaction; and Ce-La alloys display different thermodynamic properties. Research work on Ce-La alloys has been mainly experimental. For example, Scott et al. [15] studied the Ce-La alloy microstructure by electron backscatter diffraction. Studies of the properties of Ce-La alloys by theoretical simulation are necessary.
In this work, we focus on the structural, elastic, and thermodynamic properties of Ce-La under pres-sure by first-principles investigations. We apply the quasi-harmonic Debye model [16] to study the thermodynamic properties with the temperature ranging from 0 to 1000 K. A virtual crystal approximation [17, 18] is applied to establish the Ce-La alloy model. The reminder of the paper is organized as follows: the theoretical method and computational details are given in Section 2, the results and discussion are presented in Section 3, and finally, a summary of our work is given in Section 4.
Theoretical Method and Computation Details

Total Energy Electronic Structure Calculations
In the electronic structure calculations, we adopt three pseudo-potentials, i.e. the on-the-fly (OTF) pseudopotential [19] , the ultra-soft pseudopotential [20] , and the norm-conserving pseudopotential [21] , respectively. We use the exchange-correlation potential of the generalized gradient approximation (GGA) proposed by Perdew et al. [22] and a plane wave basis set with an energy cut-off of 650 eV. The Brillouin-zone sampling we used is the 15 × 15 × 15 Monkhorst-Pack mesh [23] one. The self-consistent convergence precision of total energy is 1.0 · 10 −6 eV/atom. These parameters are carefully tested. All the total energy electronic structure calculations are implemented through the CASTEP code. [24, 25] The pressure-volume relationship can be obtained by fitting the calculated energy-volume (E − V ) data to the Vinet equation of state (EOS) [26] ln
where V = V (0, T ) is the zero-pressure equilibrium volume, derived by integrating the thermodynamic definition of the thermal expansion coefficient α(
where B 0 and a(= 3(B 0 − 1)/2) are the fitting parameters. B T (P, T ), B T (P, T ), and B T (P, T ) are given by
Elastic Properties
To calculate the elastic constants under hydrostatic pressure P, we use the symmetry-dependent strains that are non-volume conserving. The elastic constants C i jkl with respect to the finite strain variables are defined as
where σ i j and e kl are the applied stress and Eulerian strain tensors, X and x are the coordinates before and after deformation, respectively. Under pressure P, we have
where c i jkl denotes the second-order derivatives with respect to the infinitesimal strain (Eulerian), and δ is the finite strain variable. The fourth-rank tensor C generally greatly reduces when taking into account the symmetry of the crystal. In a cubic crystal, it is reduces to three components, i.e. C 11 , C 12 , and C 44 .
The bulk modulus B and the shear modulus G of the Ce-La alloy are taken as [27] 
where
G V is the Voigt shear modulus and G R is the Reuss shear modulus. The Young modulus E and Poisson ratio σ are related to the hardness of materials, which are given by [28] 
The elastic Debye temperature Θ E may be estimated from the average sound velocity V m [29] Θ E = h k 3n 4π
where h is Planck's constants, k Boltzmann's constant, N A Avogadro's number, n the number of atoms per formula unit, M the molecular mass per formula unit, ρ the density, and V m is obtained from [29] as
where V S and V L are the shear and longitudinal sound velocities, respectively. The probable values of the average shear and longitudinal sound velocities can be calculated from Navier's equations as follows [30] :
The Kleinmann parameter is an important parameter describing the relative position of the cation and anion sub-lattices. It is given by the following relation [31] :
Thermodynamic Properties
The quasi-harmonic Debye model [32] , in which the phononic effect is considered, is applied to investigate successfully the thermodynamic properties of some materials [33 -35] . In the quasi-harmonic Debye model, the non-equilibrium Gibbs function G * (V ; P, T ) can be written in the form
where E(V ) is the total energy per formula unit, PV corresponds to the constant hydrostatic pressure condition, Θ D (V ) is the Debye temperature, and the vibrational Helmholtz free energy A Vib can be written as
where D(Θ D /T ) represents the Debye integral, and n is the number of atoms per formula unit. For an isotropic solid, the Debye temperature Θ D is expressed by
where M is the molecular mass, B S is the adiabatic bulk modulus, which is approximated by the static compressibility
f (σ ) is given in [32] , the Poisson σ is taken from the calculated elastic constants, the non-equilibrium Gibbs function G * (V ; P, T ) as a function of (V ; P, T ) can be minimized with respect to volume V :
By solving (18) , one can get the thermal EOS. The isothermal bulk modulus B T , heat capacity C V , and the thermal expansion coefficient α are given by [32] :
where γ is the Grüneisen parameter, which is defined as
Through the quasi-harmonic Debye model, one can obtain the thermodynamic quantities of Ce-La alloys under high pressure and high temperature.
Results and Discussion
Structure and Equations of States
The Ce-La alloy has a face-centered cubic structure with space group FM-3M. To assure the accuracy of calculations, we optimized the β -La (FCC) and α-Ce (FCC). We used a series of lattice constants to calculate the total energy E and the corresponding primitive cell volume V . For each lattice constant a, we calculated its V and then obtained the E −V curve. By fitting the calculated E −V data to the Vinet EOS, the bulk modulus B 0 and primitive cell volume V 0 at P = 0 and T = 0 can be obtained. The equilibrium structure parameters and bulk modulus obtained are listed in Table 1 results from OTF pseudo-potentials agree well with experimental data [4, 36 -42] . We noticed that the experimentally determined values for the bulk modulus B 0 of α-Ce are experimental data of 20 and 35 GPa [39] . The discrepancy between the two experimental values of bulk modulus B 0 , can be explained further from the E − V curve in Figure 1 . When the lattice constant a changes from 4.7 to 5 , we obtained two minimum values of energy. For the latter minimum value, we listed the results obtained in Table 1 . For the frontal value, we obtained a calculated result of 32 GPa for the bulk modulus B 0 , which is consistent with the experimental values [39] . We found that the frontal minimum value is higher than the latter from Figure 1 and calculated that the frontal minimum value corresponds to a metastable state and the latter corresponds to a stable state of cerium [43] . Our results from the ultra-soft pseudopotential and norm-conserving pseudopotential are unsatisfactory when compared with the experimental data. Therefore, we adopted the OTF pseudopotential in successive calculations.
In Figure 2 , we plotted the change in volume V and modulus B 0 as a function of concentration x of cerium. When x increases, the volume decreases gradually. The volume decreases rapidly for small x and slowly for large values of x. We have plotted the lattice constant of the Ce-La alloy as a function of cerium concentration in Figure 3 , showing that with increasing cerium concentration, the lattice constants of the Ce-La alloy decrease gradually. With increasing concentration x of cerium, the bulk modulus B 0 increases first, reaches a maximum of 36.9 GPa at x = 0.5 and then decreases. By fitting the B − x and V − x data to a fourth-order polynomial, we obtain the following relationships: 
Elastic Properties
In Table 2 , we present our calculated elastic constants (C 11 , C 12 , C 44 ), bulk modulus B 0 , and shear modulus G of the Ce-La alloy at different Ce/La ratios under pressure. The elastic constant C 11 represents the elasticity in length, while C 12 and C 44 are related to the elasticity in shape. The elastic constants C 11 and C 12 increase at first and then decrease gradually with increasing concentration of cerium, however, C 44 fluctuates when the pressure reaches 20 GPa for different cerium concentrations. All three elastic constants increase almost linearly with increase in pressure.
The mechanical stability conditions in the cubic structure can be expressed asC 44 are mechanically unstable. The shear modulus G for Ce 0.5 La 0.5 at pressure 25 GPa is only 0.63 GPa. When the pressure is 30 GPa, the shear modulus is even a minus value − 1.20 GPa. A notable phenomenon exists for lanthanum above 5 GPa: C 44 reduces to 7.65 GPa than 4 GPa. C 44 to 6.4 GPa. We speculate that there is a phase transition at the pressure 6.4 GPa, which coincides with the experimentally observed second-order phase transition from the FCC structure to the disorted FCC structure [44] at 5.3 GPa and other theoretical result of a second-order phase transition at 4.92 GPa [45] .
The bulk or shear modulus can be used to measure the hardness indirectly. From Table 2 , it can be seen that the bulk modulus B increases gradually with an increase in pressure, indicating that the Ce-La alloy becomes more difficult to compress with increasing pressure. The critical B/G value, which separates ductile and brittle materials, is approximately 1.75. Table 3 shows the calculated values of B/G at pressures up to 30 GPa. For Ce 0.25 La 0.75 , this value is greater than 1.75, indicating ductility, while Ce 0.75 La 0.25 and cerium change from being brittle to being ductile. For lanthanum, the calculated values of B/G increase with increasing pressure. When the pressure is higher than 15 GPa, the B/G ratio decreases. Results from the mechanical stability and phase transition between 10 and 15 GPa can be used to explain the phenomenon: lanthanum changes to another phase at approximately 15 GPa and leads to a change in B/G.
Thermodynamic Properties
We analyze the thermodynamic properties of the CeLa alloy by the quasi-Debye model method. In Figure 4 , we present the thermal expansion coefficient α of the Ce-La alloys as a function of temperature. The thermal expansion coefficient α of lanthanum, The thermal expansion coefficient α of cerium has a minimum value at 500 K and decreases slowly above 600 K. The unusual behaviour of the thermal expansion coefficient of cerium may be explained as follows: with increasing concentration of cerium, the strongly correlated effect of the f electron is enhanced and leads to the phenomena observed at approximately 500 K.
In Figure 5 , the variations in heat capacity C v of the Ce-La alloys with temperature follow Debye's law; at low temperature, C v is proportional to T 3 and drops rapidly to zero with decreasing temperature. When the temperature is sufficiently high, C v tends to the Dulong-Petit limit (C v (T ) ∼ 3R for monatomic solids). According to virtual crystal approximations, there is only one atom in the primitive cell of the Ce-La alloys, so their Dulong-Petit's limits are 3R = 24.91 J mol −1 K −1 .
Electronic Properties
The density of states plays an important role in the analysis of the physical properties of materials. The total density of state (TDOS) and projected density of state of La 0.75 Ce 0.25 , La 0.5 Ce 0.5 , and La 0.25 Ce 0.75 are illustrated in Figure 6 . The TDOS value at the Fermi level is not zero, therefore the La-Ce alloys show conductive properties. The peaks of the lower valence bands are located at −35.48 and − 18.38 eV, which are composed predominantly of s and p states. For alloys La 0.75 Ce 0.25 and La 0.5 Ce 0.5 , the conduction bands are located at − 2.78 eV and are occupied mainly by s and p states. Above the Fermi level, the conduction bands are dominated by p and f states and appear as a series of continuous peaks. However, for alloy La 0.25 Ce 0.75 , there is only a maximum peak coincident with the Fermi energy level. We present the charge densities of the (1 0 0) plane in Figure 7 to understand the nature of the chemical bonding. In Figure 7 , the La-Ce bondings at the three concentrations are all anti-bonding states, consistent with our analysis of density of states.
Conclusions
We performed first-principles calculations to investigate the structural, elastic, thermodynamic, and electronic properties of La-Ce alloys of different Ce/La ratios. The structural parameters of lanthanum and cerium obtained after relaxation agree favourably with previous work. We calculated the elastic constants and derived the bulk and shear modulus and found that the La-Ce alloys are mechanically stable. The thermodynamic properties including heat capacity and thermal expansion coefficient at high temperatures are predicted using the quasi-harmonic Debye temperature. High temperatures lead to abnormalities in the thermal expansion coefficient of La 0.25 Ce 0.75 and cerium. We speculate that this may occur because of the effect of the f electrons in cerium. The heat capacity approaches the Dulong-Petit limit at high temperature. The density of states and charge densities along the (100) plane were also obtained. Our results provide useful predictions for a comparison with future experiments.
